
THEORY OF RADIATION FROM THE OPEN END OF A CIRCULAR 
WAVEGUIDE FLUSH-MOUNTED TO A FLAT GROUND PLANE r 

by 

S.N. Samaddar** 

1. Introduction 

The problem of radiation into free space from the open end of a coaxial 
waveguide flush-mounted to an infinite ground plane has been considered pre- 
viously by several investigators LLevine and Papas, 1951; and Cohn and 
Flesher, 1958J. In that problem, the dominant TEM mode is assumed in- 
cident in the waveguide. Because of the angular symmetry of the incident 
TEM mode and the geometry of the problem, the reflected and the radiated 
fields alsoremain angtllarly symmetric (i.e., a/a~ = 0). Therefore, TE 
modes will not be excited and consequently, two scalar potentials, one 
inside and the other outside the waveguide, are needed to describe the 
electromagnetic fields everywhere, However, in the present problem (Fig- 
ure i), the waveguide is a circular one from which the dominant TE 11 mode 
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Figure 1. Radiation of TEll  Mode from the Open End of a Circular Waveguide Flush-Mounted to a Con- 
dueting Plane. 

is launched. Since in this situation, the electromagnetic fields depend on 
the angular coordinate ~, the discontinuity of the open end of the waveguide 
will excite both TE and TM modes; in general, both inside and outside the 
waveguide. Therefore, in each region (waveguide and free-space), two po- 
tentials are necessary to represent the electromagnetic field. However, in 
a limiting situation which will be discussed ia the text, only one scalar po- 
tential is needed for the description of the fields inside the waveguide in 
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which al l  TM modes  a r e  a s s u m e d  vanishingly  smal l .  Even  in th is  sis 
where  TM modes  ins ide  the waveguide a r e  negl ig ib le ,  both T E  and TM 
m o d e s  will  be exc i t ed  in the f r e e - s p a c e  (i. e . ,  the unbounded h a l f - s p a c e ) .  

It i s  a s s u m e d  that  the c i r c u l a r  waveguide is  des igned  in such a way that 
it  can c a r r y  only the dominant  T E l l  mode unat tenuated .  Even the T M ] ]  
mode  b e c o m e s  evanescen t .  F u r t h e r m o r e ,  it  wil l  a l so  be supposed that  the 
angula r  va r i a t ion  of a l l  the  exc i t ed  e l e c t r o m a g n e t i c  modes  is  a l i nea r  c o m -  
binat ion of sin ~ and cos  ~,  such that  they  a r e  cons i s t en t  with the angu la r  
va r i a t i on  of the incident  T E l l  mode .  Th i s  is  a r e a s o n a b l e  a s s u m p t i o n  as  
long as  the g e o m e t r y  of the p r o b l e m  p o s s e s s e s  angu la r  s y m m e t r y .  In p a r -  
t i c u l a r ,  the angu la r  dependence  of the longi tudinal  magne t i c  f ield of the 
T E l l  mode  is  chosen  to be ~2(~)  = ~1 cos ~ + i c; 2 sin ~ .  The  r e a s o n  
fo r  th is  cho ice  of the angu la r  va r i a t i on  i s  tha t  i t  i s  g e n e r a l  fo r  a T E  n 
mode  and it  can r e p r e s e n t  e i t he r  l i n e a r l y  or  e l l ip t i ca l ly  p o l a r i z e d  waves .  
It ma y  be noted that  c i r c u l a r l y  p o l a r i z e d  waves  do not ex i s t  in a c i r c u l a r  
waveguide .  The  r e a l  cons t an t s  c l  and g2 depend  on the e l l ip t i c i ty  of the 
po l a r i z a t i on .  Then  it  t u r n s  out that  the angu la r  dependence  of the longi-  
tud ina l  e l e c t r i c  f ie ld  of the exc i t ed  TMI~ mode  mus t  be given by 01 (~) = 
g l  s in 6 - i ~2 cos  ~.  T h e r e f o r e ,  the h igher  o r d e r e d  modes  exc i ted  in-  
s ide the waveguide c o r r e s p o n d  to d i f f e r en t  r a d i a l  va r i a t ion  of the f ie lds .  

In o r d e r  to e x p r e s s  the e l e c t r o m a g n e t i c  f ie lds  in the unbounded h a l f - s p a c e ,  
an a p p r o p r i a t e  Hanket  t r a n s f o r m  has  been in t roduced .  The  r ad ia t ion  f ie lds  
(i. e . ,  f a r - f i e l d s ) ,  which thus have i n t e g r a l  r e p r e s e n t a t i o n s ,  a r e  eva lua ted  
f o r m a l l y  by the method  of saddle  point  i n t eg ra t ion .  The ampl i tudes  of the 
exc i t ed  f ie lds  and the r e f l e c t i o n  coe f f i c i en t  which is  r e l a t e d  to the admi t t ance  
of the c i r c u l a r  a p e r t u r e  depend on the unknown r a d i a l  and angu la r  e l e c t r i c  
f ie lds  on the a p e r t u r e .  

T h e s e  unknown e l e c t r i c  f ie lds  on the a p e r t u r e  can be shown to sa t i s fy  
two s imu l t aneous  i n t e g r a l  equa t ions  which have been solved by two m e t h o d s :  
(1) v a r i a t i o n a l  p r i nc i p l e  and (2) s u c c e s s i v e  i t e r a t i o n  method .  F o r  the f i r s t  
o r d e r  a p p r o x i m a t i o n ,  it  has  been poss ib le  to show that  these  two m e t h o d s  
lead to iden t i ca l  r e s u l t s .  

Assuming  f r o m  the beginning that  the h igher  o r d e r  TE  m o d e s  as  wel l  as  
the  TM m o d e s  a r e  not exc i t ed  by the d i scon t inu i ty  of the c i r c u l a r  a p e r t u r e  L 
Mishus t im  [1965,  a Russ i an  w o r k ]  and Bai ley ,  Samaddar  and Swift [1967]  
in a joint  w ork  independent ly  ca lcu la ted  the input admi t t ance  of the a p e r t u r e  
and the r a d i a t e d  f ie lds  (for which g l = 1 and g2 = 0). T h e s e  r e s u l t s  a r e  
a l so  obta ined as  a s p e c i a l  ca se  ( lowest  o r d e r  approx ima t ion)  in this  p a p e r .  
It ma y  be noted that  the Engl i sh  t r a n s l a t i o n  of the w o r k  of Mishus t im is  
not ava i l ab le  ye t .  Also ,  the method  of a p p r o a c h  adopted by Mishus t im s e e m s  
to be d i f f e r en t  f r o m  the p r e s e n t  work  as  wel l  as  tha t  Ba i l ey ,  et  al .  

It i s  shown that  the g e n e r a l  e x p r e s s i o n  for  the admittar~ce does  not depend 
e i t h e r  on the na tu re  of p o l a r i z a t i o n  ( l inear  or  e l l ip t ica l )  or  on the a m p l i -  
tude of the inc ident  wave.  

2. Formulation of the problem 

The  g e o m e t r y  of the p r o b l e m  is  shown in F i g u r e  1. A c i r c u l a r  waveguide ,  
f e d i n t h e  dominan t  TE  n mode ,  which i s  a s s u m e d  to be e l l ip t i ca l ly  p o l a r i z e d ,  
is  f l u s h - m o u n t e d  to an inf ini te ,  p e r f e c t l y  conduct ing f l a t -g rounded  plane.  
The  r e l a t i v e  d i e l e c t r i c  cons t an t s  of the m a t e r i a l s  ins ide  and outs ide  {un- 
bounded h a l f - s p a c e ) t h e  waveguide  a r e  taken to be ~1 and r w h e r e a s  the 
r e l a t i v e  p e r m e a b i l i t y  is  a s s u m e d  unity e v e r y w h e r e ,  B e c a u s e  of the cy l in -  
d r i c a l  s y m m e t r y  o f - the  p r o b l e m ,  c y l i n d r i c a l  c o o r d i n a t e s  r ,  ~ ,  z wil l  be 
chosen ,  with the o r ig in  at  the c e n t e r  of the c i r c u l a r  a p e r t u r e .  The  wave-  
guide r e g i o n  and the f r e e  h a l f - s p a c e  c o r r e s p o n d  to z < 0 and z > 0 r e s p e c -  
t i ve ly .  

It is  e a s y  to show that  ins ide  the waveguide ,  both the longi tudinal  (or 
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axia l )  f i e l d s ,  Ez l  and Hzl , s a t i s f y  the  fo l lowing  H e l m h o l t z  equa t ion  (the 
a s s u m e d  h a r m o n i c  t i m e  d e p e n d e n t  e -i~t wi l l  be  s u p p r e s s e d  t h r o u g h o u t  the 
a n a l y s i s ) :  

(W2+ K}) Ezl = 0 (li) 

(V 2+ K15 Hzl : 0 (lii) 

where, 

K12 2 2 = K 0 r 1 = w /./o6061 (liii) 

The transverse components (i.e., r and ~ components) of the electro- 
magnetic fields can be expressed in terms of Ezl and Hzl in the follow- 
ing manner: 

8 2 a + i~0~ ~ V t x ~0 (2i) ( K 1 2 +  a . ~ )  E___tl = ~ V  t Ez l  Hzl  

8 2 a 
(KI2+ ~z 2) Htl = O---z Z Szl + iWt~o r Zo x X7 t Ezl (2ii) 

If the vector P stands for either E__ or H H_, then one may write _P = Pt + 
oPz and similarly one has V = V t + ~o a/8z, where ~. is the unit ve-ctor 

in the  z-direction, o 
In order to represent the electromagnetic fields in the free-space (outside 

the waveguide), one may express all the relevent quantities in the way shown 
in the relations (i) to (2), by replacing the ~ubscript I by 2. However, 
for convenience, which should be clear in the text, two Hertz potentials 
F 1 and F 2 (Stratton, 1941) are introduced in the following fashion: 

(V 2 + K2 5  F 1 = 0 (3i) 

(V 2 + K22 ) F 2 = 0 (3ii) 

a2 + K25 F 1 (4i) Ez2 = (az ~ 

82 
1 8 F1 

Er2 : ~/~o r- 0"~ F2 + 8r 8-----z (4ii) 

82 F 1 
E~2 = -i~0~ ~ ~ F2 + i (4iii) r a r  az 

Hr2 = 

H62 - 

where, 

82 F2 1 O 
Or 0z ir176162 ~ 8~ F1 (4v) 

8 2 1 F2 
r 8r 0--------z + it~r162 ~r F1 (4vi) 

2 2 
K 2 : K e 

o 2 

a 2 
+ K22) F 2 (4iv) Hz2 = (az2 
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Since the incident TEll mode inside the waveguide is considered ellip- 
tically polarized, the 4-dependence of H z can be taken to be ~2(4) = ul 
cos 4 + iu2 sin 4. Consequently, the angular dependence of the excited 
longitudinal field E z becomes ~i(4) = c~l sin 4 - i~2 cos 4. The respec- 
tive 4-dependence of H z and E z will be the same both inside and outside 
the waveguide. These requirements follow from the single-valued behavior 
of the electromagnetic fields. 

If i ~ be the reflection coefficient, then the total fields (incident and re- 
flected) inside the waveguide can be expressed in the following manner: 

[A "'{ ] H~ = ~2(I) oJ1(n~r) e l + r e  -n=2 ~ A  J~(nr) e ~z , (5i) 

72 z 
Ez l  = ~)1(I) i B z J l { ~ t / r )  e , (5it) 

tO. A mlz { _mBlZ } 
Erl = -i ~i(~) o o jl(nlr ) e 1 + [~ e - 

7112r 

+ i ~ BZTz ~zz 
Z: I  X I J1'(k~r) e , 

iBlz f 
- -  Jl' ( n l r ) e  

A n %z 
- -  J1 (nnr) e t 0 .  o 

n:2 ~ 2 r 
n 

~~ o 
E~I = i ~ 2 ( ~  ) - r/1 

A 
n 

+ ~"o n~2 -n-- J l '  (nnr) e 
n 

{XnZ 

[~IAo ei~i z 
= i~2(~) L n~ Jl'(Ulr) 

A 
+i ~ n_____~n j l , @ ] n r )  e=nZ 

n=2 ~]n 

r2iBlz } 
i +['e + 

Z:l  k2Z Jl(lZr) eTzz ' 
J 

Hrl 

= - i ~  (r [, #~A~ 
He1 

L Nl2r 

B~ Jl(~tz r)  ~zz 1 
- tOE 6 1  ~ 2 " e , 

o 1 k I r 

+ i ~ Anon 
n=2 2 

~n r 

I _2i81z } 
J l ( ~ l  r) e i~Iz i - P e + 

w h e r e ,  

e ~nz B2 e~ z 
- -  A ( ~ I  r) - ~ o  ~1 t~l  x-)-- J i' (x~ r) 

= I/K12 - ~]i 2 

a n = ~/T}n2 - K 1 2 ,  n => 2 

(6i) 

J 1 '(r}nro) = 0, for  n = 1 , 2 , 3  . . . .  

r ~ = r a d i u s  of the  wavegu ide  

z]. 

(6it) 

(6iii) 

(6iv) 

fo r  TE m o d e s  (7) 
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= K12 

for  TM modes  (8) 
J i (~tzro)  : 0, l : 1 , 2 , . . .  

The quant i t i tes  a l  and a 2 appear ing  in ~1(~)  and ~2(~) toge ther  with 
A o a r e  a s s u m e d  to be known and t h e y  r e l a t ed  to the ampl i tude  and the 
e l l ip t ic i ty  of the incident  T E l l  mode,  The ampl i tude coef f ic ien ts  A n and 
Bz for  the h igher  o r d e r e d  modes  as  well  as  the r e f l ec t ion  coeff ic ient  1 ~ 
a re  to be de t e rmined  f rom the boundary  cond i t ions  at  z = 0 (at the a p e r -  
ture) .  Note t h a t t h e  r e q u i r e m e n t s ,  J . ' ( W . r o ) =  O and J l ( ) t z r 0 ) =  0, which 
d e t e r m i n e  tin and k~ r e spec t i ve ly ,  ~ f o r " a  given ro ,  e n s u r e  the vanishing 
of the tangent ia l  e l e c t r i c  f ie lds  (and hence the n o r m a l  component  of the 
magne t i c  f ields) at  the wall  (r = ro)=of the ;wavegu ide .  

Because  of the cy l i nd r i ca l  s y m m e t r i c  of the p rob lem,  it i s  expedient  to 
in t roduce  Hankel  t r a n s f o r m  of the d i f f e r en t i a l  equat ions  (3) to (4) appro-  
p r ia te  for  the f r e e - s p a c e  f ie lds ,  with r e s p e c t  to the, Ke rne l  J l (~ r ) ,  w h e r e  
~ i s  the t r a n s f o r m  var iab le .  There~f0re, ; i f  Qi r e p r e s e n t s  a well  behaved 
function of r and z, then i ts  Hankel  t r a n s f o r m  pa i r  is  defined in the fol-  
lowing manne r  [ M o r s e  and Feshbach0 1953]: 

Qi(ro z) : ~% Jl(~r) Qi(~. z)d~ (9i) 
0 

where ,  
o o  

Qi(~'z) = I r Jl(~r) Qi(r,z) dr (9ii) 

0 
Then,  if Qi(~,z) is  an odd function of ~, then (9s may  be r e w r i t t e n  as  

[Samaddar ,  1965] : 

Qi(r,z) : �89 ~e~ ~ HI (1) (~r)Qi(~,z)d~, Im~ > 0; (I0) 

in p a r t i c u l a r ,  if we a s s u m e  that  ~Qi(~;z) = Ti(~) e i~z where  ~ = 
~2) 1/2 then following Equation (16) of Samaddar  (196 5), the a sympto t i c  

for I ~r l  >> 1 can be exp re s sed  in 

No w, 
(K'2 2 - 

value of (saddle-point contribution)(10) 
the following m a n n e r  [ for  sin O ~ 0]:  

iK2R 
e 

Q i ( r , z )  • - [co t  0Wi(~)] R (11) 

in which the following substitutions are inderstood: 

= K 2 sin 0 

= K 2 cos O 

z = R cos O 

r = R sin O 

(12) 

T h e r e f o r e ,  i f  one r e p r e s e n t s  F (r, ~, z) by, 

F i ( r , ~ . z )  = Qi ( r , z )  ~i(~),  for  i = i02,  

the a sympto t i c  values  of the Her tz  po ten t ia l s  F I and F 2 

(13) 

can r ead i ly  be 
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obta ined f r o m  Equa t ions  (11) and (13). 
Now, employ ing  the a b o v e - m e n t i o n e d  Hankel  transform, the fol lowing 

i n t e g r a l  r e p r e s e n t a t i o n s  of the e l e c t r o m a g n e t i c  f ie lds  in the f r e e - s p a c e  
r eg ion  can be e s t ab l i shed .  

F 1 = ~i(~)~ Jl(~r) T I (~) e i~z d~ (14i) 
o 

F2 = (~2(~)~ Jl(~r) T2 r ei~z d~ (14ii) 
o 

Hz 2 = ~2(r  ) ~ ~3 j l ( ~ r ) T 2 ~  ) ei~Z d~ (15i) 

o 

Ez2 = 41(r ~ 3  J1 (~r) W 1 (~) e i~z d~ (15ii) 
o 

Er2 = -i  ( 1 ) l , ~ ) [ - ~ " ~ f ~  J l ( ~ r ) T 2 ( ~ ) e  i~z d~ 

o G6i) 

-f( ~2 Jl'(~r)TI(~)ei'Z d~]  , 

o 

Er = i ~2(~)[- ~/~o~'~2Jl'(~r) T2(~) ei~z d~+ 
o 

1 ~ jl(~r) T1 (~) ei~Z d~ ] (i 6ii) 

o 

Hr2 = i (~2(9~) [!~ ~2 Jl'(~r) T2(~) ei~Z d~ - 

(l6iii) 
r J1(~r) TI(~) eL~Z d~ . 

o 

Hr = - i  (~i(~) [I ~ ~ Jl(~r) T2(~) ei~Z d~ - 
0 (16iv) 

;2 ei%Z ] 
- to eoe 2 J l '  (~r) TI(~) d~ . 

o 
The  ampl i tude  f ac to r s  T 1 (~) and T2(~ ) wil l  be d e t e r m i n e d  f r o m  the boundary  
condi t ions  at z = 0. 

3. Boundary conditions 

The unknown coef f i c ien t s ,  F, An, B I ,  T i (~) and T 2 (~) appea r ing  in the 
r e l a t i o n s  (5), (6) and (14) to (16) a r e  to be d e t e r m i n e d  f r o m  the r e q u i r e m e n t  
of cont inui ty  of the t a n g e n t i a l e l e c t r o m a g n e t i c  f i e lds  at the a p e r t u r e  (at z = 0). 
T h e s e  cont inui ty  r e l a t i o n s  a re  e x p r e s s e d  in the fol lowing m a n n e r :  
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Erl[ z - 0 = Er21 z = o (17i) 

Er I = E r 
Z = 0 Z 

H r l l  z = 0 = Hr2 z 

H~:tl = H$2 I 
Z = 0 Z 

= g l ( r )  (Ih(r 

: E ~ (r) ~ (r (17ii) 
= 0 

: ~ ( r )  (I)~(r ( i7 i i i )  
= 0 

: g /2(r )  ~1( r  (17iv) 
= 0 

6" 1 (r) ,  The  r a d i a l  d i s t r i b u t i o n s ,  / 2 ( r ) ,  ]~ l ( r )  and ~ 2 ( r )  of  the  r e s p e c t i v e  
a p e r t u r e  f i e l d s  a r e  u n d e r s t o o d  to be  de f ined  by  (17)~ T h e s e  unknown a p e r t u r e  
d i s t r i b u t i o n s  a r e  r e l a t e d  to the  unknown c o e f f i c i e n t s ,  F ,  A n,  B I ,  T : (~ )  
and T2(~) .  The  c o n s t a n t s  D and A n a r e  to  be  d e t e r m i n e d  f r o m  s i m i l a r  
t y p e s  of  o p e r a t i o n s  (o r t h o g o n a l i t y  p r o p e r t i e s  of  J : (*7,r)) .  Though  A n i s  d e -  
f ined  fo r  n _>_ 2, one could  have  de f ined  it  a l s o  fo r  n = 1, in which  c a s e  
A 1 would  have  b e e n  r e l a t e d  to D. T h e r e f o r e ,  t h e r e  shou ld  not  be  any  con-  
fus ion  f r o m  the  a p p a r e n t  a p p e a r a n c e  of f ive  unknown q u a n t i t i e s  wh ich  a r e  
to be  d e t e r m i n e d  f r o m  f o u r  b o u n d a r y  c o n d i t i o n s  s p e c i f i e d  by  (17). 

I m p o s i n g  the b o u n d a r y  cond i t i ons  (17) or, (6) and (16), the  fo l lowing  r e -  
l a t i ons  a r e  ob ta ined :  

t~ ~ An r B2T 
(1 + F) Jl(~l r) - w/~~ J1 (~n r) + i2~.i k~ J l ' ( k / r )  nl2r 

: iE~(r) : (18) 

~J~o [ d ~  ~ J l ( ~ r )  T2(~ ) ~ d ~  ~2~ J l ' ( ~ r ) T I ( ~ ) ,  
r 

o o 
~O/~oA ~ A B z 7~ 

~I (I + F) Ji'071 r) - to/~ o ~ n jl,(,~nr ) + iz~=L1 ~ Jl(k/r) 
n=2 r~ n k I r 

= i E 2 (r) (19) 

= tapo d~ ~2 jlt(~r) T2(~ ) _ F d~{~Jl(~r) TI(~)' 

o o 
Aa o ~. n n , ~ BZ J1 (X 2 r)  

/31A,71 (I - C) J l '  071r) + i n__2--~n J1 (nnr) - w eoel 2=~i kz2r 

= -i  g i ( r )  = (20) 

= d~ ~ ~2 J l ' ( ~ r )  T 2(~) r d~ ~ J l ~ ' r )  T 1(~), 

0 0 

fi l  A ~ Ann n ~ B~ 
2r ~ (1 - D) J l ( N l r )  + i n~ 2 -  J1 (Nn r)  - w e0elZ=~l-~-- ~ J l '  ( k z r )  

1 ~I 2r 
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= i #{2(r) = (21) 

1 I d~ ~ ~ Jl(~r) T2(~ ) t0Co6 2 d~ ~2 = ~ - Jl' (~r) TI(~ ). 

0 0 

Now, multiplying Equation (18)by r d/dr Jl(~r) dr and Equation (19) by 
J1 (~r)dr respectively and then integrating the respective left-hand side from 
0 to r 0 and the r igh t -hand  side f rom 0 to vo, one finds the following r e -  
lation a f t e r  adding these  two r e s u l t s  (using the r e l a t i ons  (A-10) to (A-13)). 
Before  p e r f o r m i n g  the in tegra t ion  with r e s p e c t  to r ,  t h e  in tegra t ion  va r i -  
able,  ~, on the r igh t -hand  s ides  of (18) and (19) is changed to ~' for  con-  
venience .  

.• { d j l ( ~ r )  + ~2(r ) J l (~r )  ] = i ~2~ T2(~ ) = dr 6 1 (r) r -~ 

0 

I_ Ao(1 + F)J l ( " l r o )  A 
~o 2 + i ~ o  F'~---~- Jl(nnro) + 

BZ~ ro~2Jo(kZ r o ) ]  

(22) 

S imi la r ly .  f i r s t  changing the in tegra t ion  var iab le  on the r igh t -hand  side 
of (18) and (19) f rom ~ to ~ ' ,  we mul t ip ly  (18) and (19) by J l (~ r )  dr  and 
r d / d r  J1 (~r) dr  r e s p e c t i v e l y .  Then,  in tegra t ing  the le f t -hand side f rom 
0 to r 0 and the r igh t -hand  side f rom 0 t o e  o,  we have (using (A-12), 
(A- 13) and (A- 15)) : 

i 
O 

0 

dr  s  ) j l ( ~ r )  + ~2(r ) d'~ j l (~,r  ) = .ico~o ~2 T2(~ ) = 

[ .Ao( l  + _F) J . l ( , l r o )  ~ AnJl_( ,nro)]  
- "42 ~2. ! ~ roJ1 

= -it0/2~ L (712 - ~2) n=2 ( n - ) J 

(23) 

' (~r ). 

F u r t h e r  appropr i a t e  opera t ions  on the r e l a t ions  (18) to (21) will depend 
on the approach  (namely var ia t iona l  method or succe s s i ve  i t e ra t ion  method) 
by which those  in t eg ra l  equations a r e  solved.  

4. Variational principle 

F o r  the fo rmula t ion  of a va r i a t iona l  pr inc ip le ,  f i r s t  of al l  exp re s s ions  
for  Ao, An, BZ, T 1 (~) and T 2 ~ )  mus t  be obtained in t e r m s  of s and 
~2(r) f rom (18) and (19). W h e n  these  e x p r e s s i o n s  a r e  subst i tu ted in (20) 
and (21), t h e r e  r e s u l t s  two s imul taneous  in t eg ra l  equat ions involving 61(r) 
and E2(r). F r o m  these  two in t eg ra l  equat ions,  a var ia t iona l  exp re s s ion  for  
the a p e r t u r e  admi t t ance  will be obtained. 

The r e l a t i ons  (22) and (23) can be used as exp re s s ions  for  TI(~ ) and 
T 2 (~) r e s p e c t i v e l y  in t e r m s  of g l ( r )  and 62(r). Now, in o r d e r  to r e p r e s e n t  
A0(1 + f~) and A n in t e r m s  of s and [2( r ) ,  le t  us mul t ip ly  (18) and 
(19) by J l ( , n  r) dr  and r d / d r  J l ( , n r )  dr  r e spec t i ve l y .  Then,  in tegra t ing  
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from 0 to r0, we have (using (A-12) and (A-14)): 

i2 
2 ~ d r~ I *]1 _ dr s  J ~ ( ~ r )  + 

A~ + F) = I 2 1 2 co/~ ~ (r~iro,) - 1 J1 0?~ro) 0 

+ 6 2(.r) r d~ J1(~z r) } = 

i d~ ~2J l ' (~ro)  T2(~ ) 
X 2 2 

o ~z - ~' 

A n  -- _ 

4 
2 ~ 1 r  

x (24) 
~(~zro )2 - 11 Jz(r~zro ) 

l 

2 i ~' "TI (~) ei~~ 31 (~ro)d~ ~ 1 
tO~o~71 r o  0 J 

i2nn2 ; { 
dr [ l(r) JI-(T}n r) + 

~0~o [(rJnro)2 - i] Jl2(Wnro ) 0 

+ ~2(r) r ~ Jl(rTnr) = - 

4 (25) 
2 *]nro 

X 
[(,nro )2 - 1] J : ( ' n r o  ) 

I i ~  , ~l(~)eigoh j l ( ~ r o ) d ~ ]  2 
~~ 7] n ro 0 

li d~ ~2J l'(~ro) T2(~ ) 
X . 2 ~2 - 

0 ~n " 

for n > 2. 

Finally,  to express  B e in t e rms  of s and s change the sum- 
mation index Z to s and then multiply (18) and (19) by r d / d r  J l ( k z r )  
dr and J l (kZr)  dr respect ively.  Then, integrat ing from 0 to r0, we find 
(using (A-11), (A-12) and (A-16)): 

(26) 

~o 

B2 = 2 dr ~ l ( r )  r-d--~ J l (k2 r )  + s J l ( l s  = 
~,~ ro2Jo2(Xzr ) 

2i 2ts { d~ ~3~ TI(~ ) Jl(~ro) 

r~ J~ "/0 ~2 _ Xz2 

It may be noted here that the last  equality in all  of the preceding re la -  
t ions ( 2 4 ) t o  (26) will not be needed. However, they are presented here 
for the sake of completeness only. 

Now, substituting the values of T z (~), T 2 (~), Ao, A n and B~ in t e rms  
of s l ( r ) and  62 ( r ) f rom (32)to (26) into (20) and (21), the following simul-  
taneous integral  equations are  obtained: 

d 
A L 0 ~ J1071 r) = L l ( r , r '  ) s  + L 2 ( r , r ' )  ~2(r ' ) ,  (27) 

Jl(~l r) 
A L o r - L 3 ( r ' r ' )  ~1 ( r ' )  + L 4 ( r ' r ' )  ~2 (r ')" (28) 

where we have, 
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A = 

S. N. Samaddar 
2 y.(,o) 

$ 

[(~iro) ~ - 1] A~(n~ro) 
(29) 

~ ( 1  + r) 
Y(0) = U~o( 1 .+ 1"~ = a p e r t u r e  a d m i t t a n c e ,  (30) 

~O 

L = I dr' {s + 
0 

The o p e r a t o r s  a r e  def ined  as;  

Li(r,r')s = i"dr' I~(r') } 
o 

[I=2 

. } E2(r')r' ~- ~ J10?1 r') . 

2ia Jl (~n r' ) ~r Jl(~. r) 

tOP o I O?nro )2 - i I Jl2(Dnro) 

( 3 1 )  

r' d J1(k2r') J1(kzr)/r 
-2i~% ~ z E1 ( x ~ ~  ~ ~ 0  ~ (xz ro) 

+ 

d 
d~ ~ jl(~r. ) d d~r' Jl(~r') Jl(~r) 

+ ~ B~ J l(~r) + ~~ c2 ~ ~ �9 r 
0 0 

L2(r,r')E2(r') = dr' [ 62(r')} ~ 2ienr' ~ Jl(*]nr') d 
0 n=2 ~"o ~(Unro )2 - I] J}OT.ro) d--{ Jl(rl. r) - 

=o al(11 r') Jl(Z1r)/r 
- 2it0eoe I 2] 

~.-i (xz ro)~z Jo2(X~ ro) 

(32) 

+ ~ ~ J1(~ r') ~- J1(~r) + to eo~ 2 -- J1(~r')Jl(~r)/r , 
o o 

i~ { I 2ianJl(~nrl)JlOTn r)/r 
h3( r ,  r ' ) s  l ( r '  ) = dr '  [l(r') } ~ 

.=2 ~o[(~.ro)  2 1] 2 - Jl (•.ro) 0 

r '  d Jl()ts r ' )  ~ r  Jl(k~ r) 
d r '  + (34) 

- 2i~eoEl ~ 2 2 
Z 1 (kZ ro) Y/  Jo (12 to) 

oo 

d~ ~ j (~r,)j 1 + I ~ i (~r)/r 
0 

r o 

L 4 ( r , r ' ) ~ 2 ( r '  ) = ~ d r '  

o 

d d ] 
+ r176 ~ Jl(~r') Jz(~r) 

0 

2ianr '  ~ r '  Jl(*]n r '  ) J1 ( n a r ) / r  

o - J 1  (T]nro) 

+ ( 3 3 )  
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d 
- 2ir162 1 Jl(?tzr') ~ J l (kZ  r) 

2 + (35)  
= (X/ro) V L Jo2Otlro) 

I d~ r' d + ~ ~ Jl (~r') Jl (~r)/r + t~Coe 2 
o 

0 ~ Jl(~r') ~r Jl (~r) " 

Mult ip ly  (27) and (28) by r s  2 ( r )dr  and r g l ( r )d r  r e s p e c t i v e l y  and i n t eg ra t e  
both s ides  f r o m  r to r 0. Then ,  adding the  r e s u l t s ,  the quant i ty  A which i s  
r e l a t e d  to the a p e r t u r e  a d m i t t a n c e ,  Y{0) can be e x p r e s s e d  in the fol lowing 
m a n n e r :  

[-_~o 
A - i / [ d r  r 61(r ) L 3 ( r . r '  ) 

Lo2 L0' 

+ 
1: o 

f dr  r s L l ( r . r ' )  
o 

s + ~dr r s L2(r,r' ) s + 

o (36) 

r~ I " g:t(r!) + f dr  r s L 4 ( r , r !  ) s w) 
o 

It i s  shown in Appendix  B, that  A (and h e n c e ,  Y(0) g iven by (36) i s  s t a -  
t i o n a r y  with r e s p e c t  to the f i r s t - o r d e r  s i m u l t a n e o u s  va r i a t ion  of 61(r) and 
62(r  ) about  t he i r  r e s p e c t i v e  c o r r e c t  va lues .  

N o t e  tha t  one could have obta ined  an a l t e r n a t i v e  va r i a t i ona l  e x p r e s s i o n  
f o r A  in t e r m s  of the a p e r t u r e  m a g n e t i c  f ie lds  ~fl(r)  and A~ ins t ead  of 
the  a p e r t u r e  e l e c t r i c  f ie lds  ~ z(r) and g2(r)  as  shown in Equa t ion  (36). 
However ,  i t  wi l l  not  be a t t e m p t e d  h e r e .  

5. Application of the variational principles 

From the definitions of ~l(r) and 62(r ) given by (17) and the expressions 
(18) and (19). it implies that the aperture' electric fields El(r ) and 62(r) 
can be expressed in the following manner; 

o. J1 (~n r) 
61(r) = n=Z1 an r +Z~_~l bs ) t / J l ! ( ) t s  (37) 

and 
J1 ()rE r) 

E2(r) = n=l ~" an]Tn J l !  (~nr) + ~1 bA r " (38) 

where a I is related to A 0 and I--, whereas an(n > 2) and be corespond to 
A ' (n > 2) and B~ r e s p e c t i v e l y .  = n ~- ~ . 

Now, substztuttng (37) and (38) for s l(r) and ~ 2(r) respectively into the 
variational expression (36). A can be expressed in terms of a n and bx in 
the following way (using the integrals in Appendix A) after some suitable 
manipulations: 

- - ^ f (5) t +  A= i , c ( %  2 n:2  c ( 2 ) a : §  n--1 ' cn~247 ' 

4--1 4=1 Cn~ (6) (39) 
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T h e  symbols i n t r o d u c e d  in the  e x p r e s s i o n  (39) a r e  defined a s  follows: 

(3) 
e~n, 

tl) 2it~ E1 (~t r o ) 2 2 Jo (~ ro)  

c I = ?l E( 01ro)~. _ 1] 2 j14( ,]~ro)  . Z__> 1, 

f('n'o  
= , n>__20 Cn(2) ) 2 _ ,i] 2 j12 (I] l ro ) 

tO~o [(r} l ro 

2 2 2 
4 r ~ ~n ~n' Jl(~nro)Jl(nn'ro ) 

iO/~l o [(F~lrO) 2 - I] 2 J14(t]iro ) 

d ~ ' ~  ~ J l ' 2 (~ro  ) 

(n2 - ;  ~) (n., 2 -;~) 

n, n i > 1, 
c2(4) 4~~ e 2Xlr~ k~' r~ J~  ( ) t l r~176 ( ~ '  r~  

= X 

, E (~ l ro ) ' , -  1] ", 'J(n,ro) 

x,{ (;' x z, 

4t~ Jl(*]nro)Jl(~n, ro) i d '~ Jl {~ro) C n,n(5) ' 
Cn.,(5)"= ~i,ro)2 i]2 J14{rjlro) 0 

n,n' _>__ I, 

c n~(6) = 
8COeoC 2 J l (*]nro)  (k~ro) J o ( l ~ r 0 )  ~ d~. ~ J12(~ro )  / (6) 

) 2 C2n )2 ] 2 4 t(;}iro 1 (~ fro) 0 ~ (~2 k . ,~)  
n , : i  ~ 1, 

= a /al, where m = n or n' ~m m 

bj  = b j / a l ,  w h e r e  j = Z or  I' 

(40) 

(41) 

(3), 
= Oil,i/ , 

(42) 

(43) 

(44) 

(45) 

(46) 

c o n s e q u e n t l y  a 1 = 1 

{ } ^ c (6) The expressions n~l ~-I ~n~n ' Cnn,(3) + C nn !5) and 2~i n~l ~nbs nz 

can  be r e w r i t t e n  a s :  

~ ~n~n �9 + Cn = el + Cl Unl ~nl n=l n'=l �9 n=2 . 

+ ~ n.~=2~ngln. C n + Cnn, , n=2 

]~ (6) _.. ^ 1(6) ~n~ (6) (47ii) ~ a n Cns -~i bl C +I~in~=2 Cns 
2-I n=l 

(47i) 

Now, u s i n g  (47i) and (47ii) ,  the  e x p r e s s i o n  fo r  A g iven  by (39) can  be 
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rewritten in the following manner; 

(3) + c (5) + 2 E a c (3) + c (5) + E E ,~n~.n, e n nn' A = Cll Ii n=2 n nl oi n=2 n'=2 

+ E E bs  cs + ~ ~ ~nbs c n + L b~ Cl~ 6) - 
s f'=l f=l n=2 f=l 

^ 2 (1) 2 (2) 
- D b~  c z - E a c ( 4 8 )  

2--1 n=2 n n 

Owing to the stationary character of A, on differentiating (48) with respect 
to ~n and bl, the following infinite set of simultaneous equations are ob- 
tained; 
Since ~n and bl are independent, one then has; 

~ - 2 C + Cn~ 5) + 2 E ~ + Can !5) - 
n'=2 II' 

n ( 49 i )  

l~I c (6) (2) §  = 0,  
-2 ~n c n ~-I n~ 

n =  2 , 3  . . . .  

and 

- - ~ =  b~ 2 ^ 7 ) (6) + E ~ c n a A  (1) b , ,  c z T ( 4 )  + c l z  n = 
8b2  - 2 c2 + ~ i  n=2 

s = 1,2,3,... 

, 

( 4 9 i i )  

One can also arrive at the results (49i) and (49ii) directly without resorting 
the variational properties of A with respect to the independent variation of 
~n and 61 respectively in the following manner. 

Multiply (27) and (28) by r d/drlJ (~nr) dr and Jl(~ar) dr respectively 
(where n __> 2), and then integrate from 0 to r o using the relations (37) 
and (38). When these two resulting expressions are added, one obtains (49i) 
with the help of the results in Appendix A and the relations (40) to (46). 
In order to obtain (49ii), multiply (27) and (28) by Jl(k z r)dr and r d/dr 
Jl (k2 r)dr respectively and then integrate from 0 to r o using the relation 
(37) and (38) followed by the same procedure sought for the derivation of 
(49i) by this direct method. 

Now, multiplying (49i) by gn and then summing over n = 2 to ~, we 
have: 

n=2 n=2 enn,  + c nn' - 

(6) 
-2n~2an 2 cn(2) +n=2E 2~:i gtnS~Cn~ = 0. 

Similarly, multiplying (49ii) by b, and summing over f=l toco, we have: 

( 2 )  ^ ^ (4) (6) 
- E b c~ 1) + D E b,b l c,e z, + D ~)~ Cl~ + 

~=1 l = l  T=I ~=l 

+ E L ~ b2 (6) 0 
Z=I n=2 n Cns = 

(51) 

N o w ,  i n  v i e w  o f  t h e  r e l a t i o n s  (50)  a n d  ( 5 1 ) ,  t h e  e x p r e s s i o n  f o r  A g i v e n  
b y  (48)  c a n  b e  r e p r e s e n t e d  i n  t h e  f o l l o w i n g  f a s h i o n :  
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{ } 2:1 I=l C/I' 

+~ ~ 2 C(2)- ~ n - - 2  n n n:2 n':2E' ~n~n' { ann'(3) + Cnn'(5) } - 

(6) 
2=I n=2 C nL 

(52) 

Note that the equation (49) provides the relationship among the coefficients. 
Therefore, for numerical computation of A, both (49) and (52) should be 
considered simultaneously. 

6. I t e r a t i o n  m e t h o d  - -  an a l t e r n a t i v e  a p p r o a c h  

In order to follow this approach of solving the set of integral equations 
for the unknown coefficients C, An, B i, T I(~ ) and T2~ ) given by the 
Equations (18) to (21), we obtain first a set of relations analogous to (24) 
to (26) (which were obtained from (18) and (19) using this time (20) and 
(21). To do this, let us multiply (20) and (21) by r d/dr Jl(~n r) dr and 
J 01nr)dr (where n = 1,2,3 .... ) respectively and then integrating both 
sides from 0 to r 0 , we find after adding (using the results of Appendix A): 

2 ~7 2 ~ ~ d~ ~2~ jl,(~ro)T2(~ ) 
A0(I - F) = 1 [~12r~ ) ~2 - 

fll [(r~lro) 2 - 1 ]  J l ( r h r o )  0 r~12 - 

A n 

-w ~oC2 ; d~ ~ J1(~ro) TI(~)] , 

~ 2 

O, n [(~nro )2 - 1] Jl(}Tnro ) ~n ro 0 

(53) 

d~ ~2~ Jl' (~Co) T2 (~) 
2 2 

~n -~ 

(54) 
-~OCo~2 i d~ ~ Jl(~ro)TI(~)I , n > 2, 

0 
Once again, multiply (20) and (21) by Jl(k~r) dr and r d/dr Jl(kzr) dr 
respectively and integrate both sides from 0 to r o. Then adding the re- 
sulting expressions, we get with the aid of the results of Appendix A: 

2 ks c 2 i 3 J l (~ ro )  TI(~) 
B z = roel jo(kzro) d~ ~ ~2 _ X22 , 2 __> I. (55) 

0 

Though the r e l a t ion  (55) is  de r ived  f rom the r e q u i r e m e n t  of the cont inui ty  
of the tangent ia l  componen t s  of the magne t i c  f ie lds  a c r o s s  the c i r c u l a r  
a p e r t u r e ,  one could have obtained it a l so  f rom the continuity of the axia l  
component  of the e l e c t r i c  d i s p l a c e m e n t  vec to r  ( i . e . ,  ~lEfi~ = e~E 2 at 
z = 0) a c r o s s  the a p e r t u r e .  This  second i n t e r p r e t a t i o n  v . . _ e  r e s ~ l {  (55) 
wit l  be  found usefu l  in obtaining app rox ima te  r e s u l t s .  

Now, the e x p r e s s i o n s  (22), (23) and (53) to (55), excluding the por t ions  
containing ~ l(r)  and g2(r) ,  cons t i tu te  the r e q u i r e d  equat ions  to be so lved  
for _r, An, B , TI(~) and T2(~) by i t e ra t ion  method.  This  i t e r a t ion  method 
of solving the above ment ioned  s imul t aneous  in t eg ra l  equat ions  cons i s t s  of 
s u c c e s s i v e  app rox ima t ions  which need a n  ini t ia l  approx imat ion  or  a t r i a l  
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solution. Then a systematic successive use of the equations to be solved 
yields better and better approximations to the solution sought for. The 
more accurate the initial or trial solution is, the lesser the number of 
iterations necessary to obtain a required accuracy. The main idea behind 
this procedure is the same as that one adopts in obtaining a more accurate 
result of a quantity from its variational expression. Since a physical insight 
into a problem helps often to select judicially, a better initial and approx- 
imate trial solution, let us digress for a moment to discuss the relative 
importance of the various modes excited by the discontinuity of the open 
end (circular aperture) of the waveguide. 

If it is assumed that the waveguide is circularly symmetric and there 
is no discontinuity in the boundary along the angular (~)direction, an 
incident TEll mode will excite TEIn and TM I~ modes (n, ~ _> i) inside 
the waveguide, where n and % correspond to various radial modes. Also, 
if the circular waveguide is designed in such a way that it allows an un- 
attenuated propagation only for TEll mode, all other higher-order modes 
TE1n (n > 2) and TMIL (f > i) will be attenuated. The higher the cut-off 
wave number of a mode is, the higher will be the attenuation of that mode. 
In view of the relations (5it), (15it) and (55), one can argue that a situation 
may arise for which B1 and hence, the right-hand side of the integral (55) 
are vanishingly small; however, T 1 (~) is finite and not necessarily negli- 
gible. This implies that TM If modes inside the waveguide and consequently, 
the axial electric field at the circular aperture are negligibly small. It 
may be noted, therefore, that though the axial electric field in the vicinity 
of the aperture on the free-space side (i.e., unbounded space) may be 
vanishingly small, it may not be neglected (since TI(~) is not negligible) 
everywhere else. Another important point which deserve attention is that 
though the cut-off wave number of the dominant TEl1 mode (for which 
~Iro = i. 841) is smaller than that of the TMI~ mode for which klr o = 3. 832, 

II ~ i 

the cut-off wave number of the TE 12 mode, glven by ,?2ro = 5. 331 is not 
smaller. Consequently, if TMII mode is negligible, so also is the TEl2 
mode. The converse is not necessarily true. The preceding discussions, 
therefore, suggest that the judicial choice of the first (or initial) and the 
next higher approximations to the solution should be made in the following 
manner. In the first approximation, both An(n ~_ 2) and Bs (f ___> i) are 
negligible but neither of TI(~ ) and T2(~) can be disregarded. This means 
that, in this approximation only, the TEll mode exists in the waveguide, 
however, both TE and TM mode are excited in the unbounded space. 

In the next higher approximation, all An(n __> 2) and B~ (2 >__ 2) are 
vanishingly small nut not B I. In this situation only, TE 11 and TM 11 modes 
contribute to the fields. For the third higher approximation, A 2 # 0, B 1 ~ 0, 
but all other A n (n > 3) and B L (~ ___> 2) are negligible. In this manner, 
the rest of the higher-ordered successive approximations to the solution, 
with any desired degree of accuracy, can be achieved in principle. 

Let us now turn to the procedure of obtaining the successive approximations 
to the solutions of the unknown quantities appearing in (22), (23), and (53) 
to (55), Using the superscript s on f~, An, Bf, TI(~ ) and T2(~) to designate 
their respective s tl~ approximation (where s = i, 2 .... ), the argument 
made in the preceding paragraph motivates the following representations 
of the unknown quantities sought for: 

= ~ A (s+2) (56ii) 
A n  s--1 n 

B,~ = ~ Bs (s+D ( 5 6 i i i )  
s=l 

T 1 = ~ T1 (s) (56 iv )  
S=I 
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T 2 = ~ T2(S) (56v I 
s=l 

Therefore, it should be understood in the above representations that the 
lowest non-vanishing terms of A n and BZ are A2(3) and B2 (2) respectively. 
Now, the relations (221 . (23)and (53)to (551 can be re-expressed in terms 
of r (s), An(S+2) , Bz(S+I) , TI Cs) and T2(D in the following manner: 

I_ A (s+2) 
(s) 1 tO/~oA (1 + f" (s)) )+ ~ n Jl (rlnro) 

- J1 (U iro W/~o - -  - T1 ~2 ~ i~n2 o n=2 ~)n 2 

B2 (s+l) T~ r o ~2 Jo (l~ro) 
-i Z 

z=, Xz (~ 2 Xz2) 

T2(S ) ro [Ao(1 + _-W(s))Jl ( r l l r o ) _ _ _  

: T  L i;?_ 
Jl (Onto) 

I Ji [ro ), ( 

A (s+2) 
_ ~ n 

2 2) n=2 (r/n - 
J1 ' (~ro) ,  

(57) 

(58) 

A o(l - r(s) I = 2 ~i 2 I ~ 2r i d~ ~2 ~ J l ' (~ro)  ] I o 2 2 T2(S)(~) - 
~ 1 [  (~ 1to 1 2 s J1 (nlro) 0 rll 

(59) 

- We~ ;d~0 ~ J l (~ro)  Ti  Cs) (~1]  , 

[ ; ' A (s+2)= _ 2i n n d~ ~ ~ Jl'(~'%) (s) 
[ ] ,o% 

n ~n (~nro - 1 Jl(r~nro) 0 rln - 
(601 

" ] 
- ~e~ I d~ ~ J l (~ro)  T1Cs) ([) , 

0 

BzCS+l) 2 X z �9  ~ d~ ~3Jl(~ro)  TICS) (~) 
= ro~Jo(X~ro) ~2_ x~ (61) 

0 

Let us now consider  the second-order  approximate  solution for which 
(3) is  negligible but not B1(2). Then, we have; s = 1, and A n 

T2(1) Aoro Jl(r}lro) Jl'(~ro) { (1)} 
= I + r . (621 

~ ( ~ 1 2 -  ~21 

1 
TIO) = 2 

2 
BI 

+i 
Xl(~ 2 

I w/~~176176 { 1 + cCD } 

Tlro~ JO(Xlro) 
J1 ( ~ r o )  , Xl 2) .] 

(6 3) 
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B I (2) 2~/~ o e 2 ~t 1J I (171 ro ) 

AoEI + p ( 1 ) ~  e I r 0~12Jo (k l r  o) 

i 
d~ ~ Jl2(~ro ) 

l + u  
2 i 6 2 " ) ' 1  C d.~ ~321;(~'r,.., o). 

q 0 J ~(X12 _ ~2) 2 

(64) 

The  r e l a t i on  (59) should  a l so  be c o n s i d e r e d  for  s = 1, t o g e t h e r  (62) to 
(64) fo r  the d e r i v a t i o n  of the a p e r t u r e  a d m i t t a n c e ,  which can be shown to 
be as ;  

~1 1 - p(1)  2 ~12(r/lro )2 dE ~ ~ J1 (~ro) 

Y (0) = - ~ o  1 + .K '(1)' W~o ( r l l r o )2 -  (~1 

2tOeoe 2 ; dE g l2(~ro)  _ i4t0r 

~ e E(~71ro2) - 1] x + [(•lro )2 - 1] 0 1 

X 

dE { J12(~ro ) 

0 ~(x12 - ~2) 

1 + u i 3 j  
2ie2T 1 d~ ~ 12(~ro ) 

e 1 ~ (~2  . X12)  2 

O 

The equat ion  (65) d e t e r m i n e s  p(D. Thus ,  when F (1) i s  known, the r e -  
ma in ing  unknown quan t i t i e s  can  be ca lcu la ted  f r o m  (62) to (64). Note that  
for  the l o w e s t - o r d e r  a p p r o x i m a t i o n ,  for  which B (2) i s  negl ig ib le ,  the las t  
t e r m  on the r i g h t - h a n d  s ide  of (65) b e c o m e s  a�89 vanish ing ly  sma l l ,  for 
which case ,  n u m e r i c a l  r e s u l t s  have been  found r e c e n t l y  by Bai ley ,  S a m a d d a r  
and Swift. 

7. Approximate solution derived from the variational expression 

In th is  sec t ion ,  it  wi l l  be d e m o n s t r a t e d  that  the a p p r o x i m a t e  so lu t ion  
obta ined in the p r e c e d i n g  sec t ion  dea l ing  with s u c c e s s i v e  i t e r a t i on  me thod  
can a l so  be obta ined  f r o m  the v a r i a t i o n a l  r e s u l t  g iven by (52) (subjec t  to 
the r e l a t i o n  (49)) for  the modi f i ed  a p e r t u r e  a d m i t t a n c e  A. 

Since the  lowes t  value of n or  n' in (49) and (52) is  2, any t e r m  haying 
the s u b s c r i p t  n or  n' in those  equa t ions  is  neg l ig ib le  for  the s a m e  d~gree  
of a p p r o x i m a t e  so lu t ion  obta ined in the Sect ion 6. It should  be noted ,  how- 
ever ,  that  only the lowes t  value of Z (or ~ ' ) ,  n a m e l y  2,  I '  = 1, wil l  
con t r ibu t e  to th is  a p p r o x i m a t i o n .  

With the aid of t hese  a s s u m p t i o n s ,  one f inds the fol lowing a p p r o x i m a t e  
r e s u l t  f r o m  (49) and (52) r e s p e c t i v e l y .  

^ (4) (6) = 0 (66) -2 61C1(D+ 2 b l c l l  + c l l  

and 

(5) + ^ {ci (1) } (67) A = Cll (3) + C l l  b l  2 - e l l  (4) 
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It may  be r e c a l l e d  h e r e  that  for  the l o w e s t - o r d e r  approximat ion  for 
which the contr ibut ion f rom the TMll  mode can be d i s r e g a r d e d ,  the quan- 
t i t i es  bz ,  c l l  (6), c l (D and c11(4) a~paer ing  in (66) and (67) a r e  a l so  neg-  
l igible.  This  impl ies  that the axia l  component  of the e l e c t r i c  field at the 
c i r c u l a r  a p e r t u r e  is  vanishingly smal l .  

The subst i tut ion for 61 f r o m  (66) leads  Equation (67) to: 

A 11(3) + c11(5) + E c 1 1 ( 6 ) ~ 2  
= c (68) 

o r  

Y(0) _ t~ I~__~___ _ 1  - r l _  

[071ro)2 - i~ J12 (rJlro) 
_ I 0 0 >  

In a s t r a igh t fo rward  m a n n e r ,  it can n~ be shown (with the aid of the 
r e l a t i ons  (40)and  (42) t o  ( 4 5 ) t h a t  the f i r s t ,  second and the th i rd  t e r m  of 
the r igh t -hand  side exp re s s ion  of (69) a r e  ident ica l  to the co r r e spond ing  
t e r m s  r e s p e c t i v e l y  of the r igh t -hand  side of (65). Thus,  i t  is  d e m o n s t r a t e d  
h e r e  that  the approx imate  solut ions de r ived  f rom two d i f fe ren t  me thods  
d i s c u s s e d  in this  paper  a g r e e  with one ano the r .  

An inspect ion  of the e x p r e s s i o n s  (39), (65) and (69) which a r e  independent  
of A~, ~t and ~2, shows that the a p e r t u r e  admi t t ance  depends ne i ther  on U )- �9 �9 �9 the a m p h t u d e  nor  on the type of po la r iza t ion  ( h n e a r  or  el l iptic)  of the in-  
c ident  TE n mode.  In gene ra l ,  the a p e r t u r e  admi t t ance ,  Y(0), is  a complex  
quanti ty.  F o r  a p rope r  match ing  of the a p e r t u r e  an tenna  to the unbounded 
med ium,  it is  des i r ab l e  that the i m a g i n a r y  pa r t  of Y(0) should approach  
zero ,  while the r e a l  pa r t  of Y(0} tends  to ~1/W~o (which is a lso  equivalent  
to F approaching  zero) .  

8. Radiation Fie lds  

In view of the r e p r e s e n t a t i o n s  (14i) and (14ii), the e x p r e s s i o n s  (11) to 
(13) provide  the a sympto t i c  values  (far f ields)  of the Her tz  potent ia ls  F1 
( r , ~ , z )  and F 2 ( r ) ~ ,  z). F r o m  these  Her tz  potent ia ls ,  a l l  the cy l ind r i ca l  
components  of the r ad i a t ed  e l e c t r o m a g n e t i c  f ie lds  can eas i ly  be ca lcu la ted  
with the aid of the r e l a t ions  in (4). As an i l lus t ra t ion ,  we s imply  p r e s e n t  
h e r e  the z - componen t s  of the far  f ield:  

iK2R 

Ez2 "-~ - ~i(~ ) K23 TI(~ = K2sin 0) sin20 cos 0 e__.__R ' (70) 

Hz2 "" - ~2(r  ) K 3T (~ = K2sin O) sin2e cos 0 e____ (71) 
2 R 

where ,  

Z 

r 

K 

q 
= R cos 0 | 

= R sin 0 

E 2 
2 = tO "'].~O6062 

(72) 
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Now, instead of expressing the remaining cylindrical components of the 
far field, it may be desirable for practical purposes, to know the spherical 
components (8 and ~ components which vary as exp (iK2R)/R). These 
spherical components of the radiated field can be shown to possess the 
following representations: 

iK2R 
--1--" 3 T sin 8) sin 20. e (73) E02 ~ ----5----K 1 (~ : K2 R " 

iK2R 
Er "" 2 t~ K22T2 (~ = K2sin 8) sin 20. e R ' (74) 

H e 2  e o e 2 / / d  ~ Er  , ( 7 5 )  

H ---- ~/~oe2/ ' r ~o E~2 " (76) 

Note that the ~-component  of a field Vector is the same  in both the cyl in-  
d r i ca l  and sphe r i ca l  coord ina te  s y s t e m s .  

For  the final ca lcula t ion  of TI(~ ) and T~(~), f i r s t  of al l  P(or  Y(0) or  A) 
mus t  be de t e rmined  e i the r  f rom the re la t ion  (52) or  by the me thod  d i scussed  
in Section 6 (see,  for example ,  Equation (65)). T h e n ,  b~ and An(depending 
on the degree  of approx imat ions  des i red)  a r e  to be evaluated.  F inal ly ,  
TI(~ ) and T2(~ ) can be e x p r e s s e d  in t e r m s  of  F,  A n and B z (see,  for 
example ,  Equat ions (22) and (23)). The I o r m a l  exp re s s ions  of the far  f ie lds  
given by (70) to (76) a r e  valid for any o r d e r  of succe s s ive  approx imat ions  
subject  to the i r  a sympto t i c  behavior  at l a rge  d i s t ances .  

APPENDIX A 

SOME INTEGRALS INVOLVING BESSEL FUNCTIONS 

The following in teg ra l s  have been used f requent ly  in the text: 

r ;o 
I 1 = dr  

0 
r o 

12 = ~ d r  
0 

13 = ; d r  
0 

I 4 ;  ; d r  
0 

ro 

I 5 =  f f d r  
0 

r 

~~ 16 = r 

0 

[ d d 1 J1 (~r) d'r Jl(rYn r) + Jl(r/n r) ~rr J1 (~r) , n = 1,2 . . . .  (A-l)  

d d JI( L r) J1r 
r ~-~ J l ( k i r )  J1 (~r) + r , I = i, 2 .... (A-2) 

d 
[ j l ( ~ r  ) d j l ( ~ , r ) +  j l ( ~ , r  ) ~ j l ( ~ r )  1 (A-3) 

Ir Jl(~r) Jl(~'r) 1 d d ~' r) + (A-4) d-r J1 (~r) ~ Jl ( r 

[ r  d d Jl(rYnr) J101m r) ] 
~-~ JI(U r) ~-~ Jl(~m r) + (A-5) r 

m,n = 1,2,3 . . . .  

10tIr) ~d J1(~n r) + Jl(~n r) ~ J1()tlr) (A-6) 
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io I d d d r  r ~-~ 51(~nr  ) ~ J l ( ~ r )  + (A-7) 
0 

,o 
18 = dr ~-~ Jl(X/r) ~-~ Jl(X~,r) 

o 
r o 

19 = dr 1(X2 r) ~r J1 (~r) + J1 (~r) d-r Jl0t/r) (A-9) 
o 

Now, using the differential equationsatisfied by JI(Z), [Watson~ 
the properties of Hankel transform LMorse and Feshbach, 1953J 

Jl(~/nr): r J l ( ~ r )  ] 

+ J1 0tZr)r 31 (kZ' r )  ] 
�9 ~,~' = I o 2 , . . .  

(A- 8) 

(1944) ] 
and the  

r e l a t i o n s  J l ' ( O n  r ) = 0, J l ( ) t z r  ) = 0, the  v a l u e s  of the  a b o v e  i n t e g r a l s  
can  r e a d i l y  be  shown a s  p r e s e n t e d  in the  fo l lowing:  

I 1 = Jz(r~nro) J l ( ~ r o )  (A-10)  

Xir  o ~ 2 J l ( ~ r  o) J 0 ( ) t f r o  ) 
I2 = ~2 _ k2 (A-f1) 

1 3 = 0 = 19 = 16 = 0 ( A - 1 2 )  

14 = ~ 6 (~ - ~') (A-13) 

E(~mro) 2 i] 
I5 = 2 J12(~mro ) 6ran (A-14) 

2 
r/n r o ~ Jl(~nro ) J l l ( ~ r o  ) 

I~ = (a- 15) 
(On 2 ~2) 

(; )~ 
o 2 I 8 -  2 Jo (Xzro) ~zz' (A-16) 

The quantities 5m~l and_ .5Zi, are Kronecker delta functions, whereas 6(~-~') 
is a Dirac delta functlon. 

APPENDIX B 

PROOF OF THE STATIONARY CHARACTER OF A 

In order to prove that A given by the relation (36) is in its variational 
form with respect to the first-order simultaneous variation of s ) and 
E2(r), it will be found useful to establish some sort of symmetry properties 
of the operators Ls(r, rW), where s = 1,2,3 and 4. Defining Ls(rl;r)as 
the operator, which is obtained by interchanging r and r' in L s (r,r I), an 
inspection of the expressions (32) to (35) shows that the following relations 
hold true : 

r s 

dr  r ~ 2 ( r ) L 2 ( r , r ' ) E 2 ( r , ) =  d r '  r '  E 2 ( r ' ) L 2 ( r ' , r ) E 2 ( r  ) 
0 0 

(B-l) 



i ~  r 
o 

Though  

~ o d r  r 

o 

~ ~  r 

o 
we h a v e  

~  r 
o 
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~ l ( r )  L a ( r , r ' ) E l ( r l  ) = d r '  r '  ~ l ( r ' ) L 3 ( r ' , r ) ~ _ l ( r  ) (B-2)  
o 

i 
O 

E2(r ) L l ( r , r ' ) ~ l ( r '  ) ~ d r '  r '  

o 

E l ( r )  L l ( r 0 r '  ) Eg.(r ')  r d r '  r '  

0 

E 2(r' ) L l ( r '  , r )  E l ( r  ) (B-3)  

E 1 ( r ' ) L 4 ( r '  , r )  g 2(r) (B-4) 

r 
o 

E2(r ) L l ( r o r '  j E l ( r '  ) = ~ d r  r E l ( r ' ) L l ( r , r ' ) E 2 ( r  ) = 
o (B-5)  

= d r '  r ' ~ l ( r '  ) L 4 ( r ' , r ) . [ 2 ( r  } = d r '  r '  s  
0 0 ; d r l r  w [ 2 ( r ' ) L l ( r ' , r ) ~ l ( r )  = d r ' r '  [ l ( r )  L l ( r ' , r )  E2( r ' )  = 

o o IB-61 t 
O r o 

0 0 

Now, a f i r s t - o r d e r  v a r i a t i o n  of A g iven  by the  e x p r e s s i o n  (36) with r e s p e c t  
to the  s i m u l t a n e o u s  v a r i a t i o n  of E l ( r  ) and E2(r ) g ive s  the  fo l lowing r e s u l t :  

O O 
2 d 

Lo6A + 2LoA d r  J l ( r t l r ) 6 [ l ( r )  + d r  r ~ J l ( r l l r ) 6 s  = 
o o 

O O 

= d r  r 5 E l ( r ) L 3 ( r , r ' ) s  + d r  r [ l ( r ) L 3 ( r ,  r l ) 5 ~ l ( r l  ) + 

o r  

o o 

r~ ; o  
+ ~. r 6 E 2 ( r ) L 2 ( r , r ' ) g 2 ( r '  } + d r  r 

o o 
r o  r i I ~ + dr  r 6 ~ 2 ( r ) L l ( r , r ' ) ~ l ( r '  ) + d r  r 

o o 

; f ~ + dr  r 6El(r)L4(r, rl)E2(r' ) + dr  r 

0 0 

g 2 ( r ) L 2 ( r , r ' ) 5  ~2( r '  ) + 

E2(r)Ll(ror' )6 ~l(r! ) + 

E l ( r ) L 4 ( r , r '  )6E2( r '  ) + 

Lo26A = 

r 

i ~ r 6~2( r  ) 

o 

,1 L l(r~ r' ) ~I (r '  

d 2LoA ~-~ Jl(~ r) + L2(r,r*)~2(r" ) + 

;o [_ Jl(~r) 
+ d r  r 6 E l ( r  ) 2LoA ~ + 

o 

L3(r,r')~l(r') + L4(r,r') E2(r'~+ 
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i ~ i ~ + dr r [l(r)L3(r,r')6s + dr r ~2(r)L2(r,r')5s 
0 0 

; i ~ + d r  r ~ 2 ( r )  L l ( r . r ' ) 5 ~ l ( r '  ) + d r  r ~ l ( r ) L 4 ( r . r ' ) 6 E 2 ( r , )  ( B - 7 )  

0 0 
N o w .  b y  v i r t u e  o f  t h e  p r o p e r t i e s  ( B - l ) .  ( B - 2 ) .  ( B - 5 )  a n d  ( B - 6 ) .  t h e  f o l l o w i n g  
r e l a t i o n s  c a n  b e  e s t a b l i s h e d ;  

O 

d r  r ~ l ( r ) L 3 ( r , r ' ) 6 E l ( r '  ) = d r  r 5 s  ( B - 8 )  

0 0 

d r  r ~ 2 ( r ) L 2 ( r , r ' ) 6 ~ 2 ( r ' )  = d r  r 6 E 2 ( r ) L 2 ( r , r ' ) ~ 2 ( r ' ) ,  ( B - 9 )  

0 0 

f ~ ~  r [ 2 ( r ) L l ( r . r ' ) S E l ( r ' )  + d r  r [ l ( r ) L 4 ( r . r ' ) ~ f 2 ( r ' )  = 

0 0 I B - 1 0 ~  
r r 

= d r  r 5 ~ 2 ( r ) L l ( r , r ' ) C l ( r ' )  + d r  r 6 E l ( r ) L 4 ( r , r ' ) ~ 2 ( r '  ) .  

0 0 
In v i e w  of  ( B - 8 )  t o  ( B - 1 0 )  t o g e t h e r  w i t h  r e l a t i o n s  (27) a a d  (28) ,  i t  f o l l o w s  
r e a d i l y  t h a t  t h e  r i g h t - h a n d  s i d e  o f  ( B - 7 )  v a n i s h e s .  T h e r e f o r e ,  s i n c e  L 0 ~ 0, 
w e  h a v e  5 A  = O; i . e . ,  A g i v e n  b y  (36) i s  s t a t i o n a r y  w i t h  r e s p e c t  t o  t h e  
f i r s t - o r d e r  s i m u l t a n e o u s  v a r i a t i o n  o f  ~1 ( r )  a n d  E 2 ( r )  a b o u t  t h e i r  r e s p e c t i v e  
c o r r e c t  v a l u e s .  
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